ABSTRACT In practical environment, the received signals cannot be regarded as point sources due to the existence of signal scattering phenomena. Incoherently distributed source model is suitable for this realistic scenarios. The incoherently distributed DOA estimators based on noncircular property can provide a better performance. However, these estimators are not fit for the mixed circular and noncircular signals. In this paper, a conjugate generalized shift invariance algorithm is proposed for incoherently distributed sources comprising of circular and noncircular signals. The general array manifold (GAM) model of incoherently distributed source is established by one-order Taylor series approximation. To utilize the noncircular property, each incoherently distributed circular source is separated as two strictly incoherently distributed noncircular sources. A generalized shift invariance property is derived by dividing the whole uniform rectangular array (URA) into four overlapping subarrays. Then, a modified conjugate generalized least square (CGLS) ESPRIT algorithm is proposed to obtain the central DOAs, which can improve the estimation accuracy without any spectrum searching. In addition, a pair matching method and an angular spreads estimation algorithm are also designed based on the GAM model for this mixed sources scenario. Furthermore, the Cramer-Rao bound (CRB) of proposed algorithm is given and analyzed under the mixed incoherently distributed sources scenario. Numerical results illustrate the validity of the proposed algorithm in this realistic scenario.
I. INTRODUCTION
Direction of arrival (DOA) estimation is a significant issue of array signal processing [1] . Massive multiple-input multipleoutput (MIMO) system has been widely concerned because of its excellent benefits, such as large aperture, high degrees of freedom (DOF) and super resolution [2] - [4] . Most of estimation algorithms like MUSIC [5] and ESPRIT [6] can provide super resolution. Additionally, some estimators take some non-ideal factors into consideration such as color noise and mutual coupling. The effect of unknown color noise on MIMO radar is analyzed well in [7] . Moreover, a PAPAFAC The associate editor coordinating the review of this manuscript and approving it for publication was Yue Ivan Wu.
algorithm to reduce the mutual coupling is proposed in [8] . However, the received signals are treated as point sources in these methods. In practical environment, the multi-path scatter effect of DOAs is an unavoidable phenomenon [9] , [10] . Therefore, the distributed source models are more suitable for realistic Massive MIMO system.
Based on the correlation in received signals, the distributed sources are classified as coherently distributed (CD) sources and incoherently distributed (ID) sources [11] . The model of CD sources describes the slowly time-vary channels, which means the sources can be regarded as being produced by the same signal [12] . Hence, the DOA estimation of CD sources can be easily obtained by extending the methods of point sources [13] - [15] . Different from CD source model, the ID source model describes the rapidly time-vary channels, which means the received signals are uncorrelated. Hence, the dimension of the signal subspace increases with the raising of angular spreads, which lead the DOA estimation of ID sources cannot be solved by extending the methods based on point source.
To deal with ID sources, several multidimensional searching methods have been proposed, such as the maximum likelihood (ML) algorithm [16] , dispersed signal parametric estimation (DISPARE) algorithm [17] , the covariance matching estimation technique(COMET) method [18] , and MUSIC-like algorithm [19] . Although these methods can provide well performance, the multidimensional searching operations in them will lead a heavy computational burden. To reduce computational complexity, some ESPRIT-like algorithm based on generalized array manifold (GAM) [20] , [21] were proposed for ID sources. Furthermore, an extension of ESPRIT-like algorithm has been reported for 2-D ID sources in [22] . However, these methods don't take the inherent characteristics of signals into consideration.
The ellipse covariance matrix of noncircular signals is not zero, which can be used to enlarge the aperture and DOF [23] . By utilizing this noncircular property of signals, an estimator based on cross-correlation matrix have been developed to improve the central DOA estimation performance for 1-D ID sources [24] . Additionally, a modified noncircular propagator method (PM) was developed for 2-D ID sources in [25] . However, these methods are only suitable for the scenario of strictly noncircular signals. In some realistic cases such as the multi-users communications, the incoming signals consist of circular (e.g. quadrature phase shift keying, QPSK) signals and noncircular (e.g. binary phase shift keying, BPSK) signals [26] - [29] . Fortunately, a closed-form relationship between the noncircular signals and the circular signals was given in [27] . Moreover, a 2-D ESPRIT-like method was developed for mixed point sources in [28] . Furthermore, a MUSIC-like method was proposed for mixed CD sources in [29] . However, these methods are not fit for ID sources.
As far as we know, the 2-D DOA algorithm for the mixed noncircular and circular ID sources has not been presented. In this paper, a 2-D modified conjugate generalized least square (CGLS) ESPRIT algorithm is proposed, which can estimate the ID noncircular sources and ID circular sources together. The extended GAM model of ID mixed signals is established by utilizing the first-order Taylor approximation. Then the generalized invariance equations are derived by dividing the received URA into four overlapping subarrays. Finally, a modified CGLS-ESPRIT algorithm is proposed to estimate the central DOAs and angular spreads. Furthermore, the main contributions of this paper can be concluded as
• The extended GAM model of ID mixed sources is established, which can utilize the non-circularity property to improve the estimation performance in a more generalized scenarios. • Base on the extended GAM model of ID mixed sources, a modified 2-D CGLS-ESPRIT algorithm is proposed, which can estimate central DOAs without spectrum searching. Additionally, a pair-matching method and an angular spreads estimation algorithm are also designed for this scenario.
• For the sake of analysis and comparison, the CramerRao Bound for the parameters of ID mixed noncircular and circular sources estimator is derived. The remainder is arranged as follows. The signal model and some generalized assumptions are presented in Section II. In Section III, the GAM model of mixed sources and the proposed algorithm are given. In Section IV-A, the CRB for the estimation of 2-D DOA is derived. In Section IV-B, the computational complexity of proposed algorithm is analyzed and compared. Simulation results are used to prove the validity of proposed algorithm in Section V. The Section VI conclude the whole paper.
Notations: Boldface upper-case letters, boldface lowercase letters and non-boldface letters respectively denote matrices, vectors and scalars. C denotes the complex number field. I n is n × n identity matrix, 0 m×n is zero matrix. (·) −1 , (·) T , (·) * and (·) H represent inverse, transpose, conjugate and conjugate transpose operators of matrix or vector, respectively. angle(·) denotes the phase of the complex number. E {·} expresses the expectation operator. trace(·) denotes the trace of matrix. δ(·) is the delta function. ⊗ is the Kronecker product.
II. SIGNAL MODEL
Consider the received array is a M × N uniform rectangular array (URA), which has M antennas in each row of x-direction and N antennas in each column of y-direction. The geometry of received array is shown in Fig 1. Assume there are K narrow-band far-field incoherently distributed circular and noncircular mixed sources received by above URA. The received signal vector x(t) with Gaussian white noise at the t-th snapshot can be described as
where s k (t) denotes the signal from the k-th mixed ID source, L is the multi-path number of each source, β k,l denotes the gain of each path, a(θ k,l (t), ϕ k,l (t)) ∈ C MN ×1 is the array manifold corresponding to the DOA (θ k,l (t), ϕ k,l (t)), n(t) ∈ C MN ×1 denotes the noise vector. Based on the geometry of URA shown in Fig 1, the array manifold can be expressed as
where
λ is the wavelength, d x is the space of adjacent antennas at the x-direction, d y is the space of adjacent antennas at the y-direction. According to [22] , the DOAs θ k,l (t) and ϕ k,l (t) can be represented as
whereθ k andφ k are the central angular of θ k,l (t) and ϕ k,l (t), θ k,l (t) andφ k,l (t) are the angular deviations. Based on [22] , [25] , [28] , the following assumptions are considered in this paper.
• The angular deviationsθ k,l (t),φ k,l (t) and the path gains β k,l (t) are temporally i.i.d. Gaussian random variables. Their covariances are assumed as
• The additive noise vector n(t), is temporally i.i.d. and circularity. Its covariance is assumed as
• The number of strictly noncircular sources K 1 and the number of circular sources K 2 are assumed to be a priori. The total number of the mixed ID sources can be expressed as
III. THE PROPOSED ESTIMATION ALGORITHM A. GAM MODELING BASED ON MIXED CIRCULAR AND NONCIRCULAR SOURCE
Under the condition of small angular spreads, the first order Taylor series expansion can be used to approximate a x (θ k,l (t)) and a y (ϕ k,l (t)). The a x (θ k,l (t)) and a y (ϕ k,l (t)) can be respectively expressed as
where a x (θ k ) and a y (φ k ) are the derivatives of a x (θ k ) and a y (φ k ), respectively. Substitute (12) and (13) into (2), the array manifold can be derived as
However, the item a y (φ k ) ⊗ a x (θ k )θ k,lφk,l is very small, which can be omitted. Then the above array manifold can be approximated as
Define the random variables
With substituting (15) and (16) into (1), the GAM model can be established as
Note that the GAM matrix A is only related to the central DOAs. Following the previous assumption, the transmitted signal vector s(t) consists of K 1 strictly noncircular signals s nc and K 2 circular signals s c . According to [27] , each circular signal can be separated as two uncorrelated strictly noncircular signals. Thus, the mixed signal vector s(t) can be converted as
is the number of equivalent noncircular signals, γ denotes the rotation phases corresponding to s nc , s (t) denotes the equivalent noncircular signal vector.
Substitute (20) into (16) and (17), the GAM model can be rewritten as
With the noncircular property (S 1 (t) = S * 1 (t)), the extended GAM model of received signal vector X(t) can be derived as
B. 2-D DOA ESTIMATION ALGORITHM BASED ON CGLS-ESPRIT
In this section, a modified 2-D CGLS-ESPRIT algorithm based on the above extended GAM is introduced, which can avoid multidimensional searching and enhance the estimation accuracy. From (27) , the covariance of the extended signal X can be described as
where R S 1 denotes the covariance of signal S 1 . In practice, the covariance matrix is estimated by the finite samples, which can be expressed aŝ
whereR X denotes the estimated covariance matrix and T denotes the number of snapshots. Additionally, the eigenvalue-decomposition (EVD) of R X can be expressed as
where E S 1 ∈ C 2MN ×3K denotes the eigenvector of signal subspace, E n ∈ C 2MN ×(2MN −3K ) denotes the eigenvector of noise subspace, S 1 ∈ C 3K ×3K denotes the eigenvalues of signal subspace, σ 2 n I 2MN −3K denotes the eigenvalues of noise subspace.
Like 2-D ESPRIT algorithm [28] , the received array can be divided into several subarrays, which is shown in Fig 2. From  Fig2. , the received signals of subarrays x 1 (t), x 2 (t), x 3 (t) and x 4 (t) can be respectively expressed as
identity matrix. Moreover, the extended GAM matrices of subarraysÃ 1 ,Ã 2 ,Ã 3 andÃ 4 satisfỹ
λ cos(θ k ) and τ (θ k ) is the deviation of τ (θ k ). Note thatÃ and E S 1 span the same space. Thus, there is a non-singular matrix T , which satisfiesÃ = E S 1 T . Then (36) and (37) are converted into
Exploiting (44) and (45), the following matrices and can be defined as
Obviously, and are respectively similar to and , which means they have the same eigenvalues.
Then the EVD of and can be depicted as
) denotes the eigenvalue matrix of . Based on (48) and (49), the i-th estimated value of DOAsθ i andφ i can be respectively calculated asθ
where i = 1, 2, · · · , 3K . From (38) and (39), each noncircular target and circular target respectively correspond to 3 estimated values and 6 estimated values. To facilitate the mathematical symbolism, the estimated values of noncircular targets are arranged in the front position ofθ andφ. Then the central k-th DOAs can be expressed as
Remark that the signal subspace E S 1 is easily destroyed by noise in low SNR and small sample size, which leads some errors in the small eigenvalues of and . Hence, the median value of the same central DOA can be used to replace the mean value to improve the estimation performance. Then, the above proposed estimation algorithm can be summarized in Algorithm 1.
Algorithm 1 Modified 2-D CGLS-ESPRIT Algorithm
Input: The received signal x(t), the number of noncircular signal K 1 and the number of circular signal K 2 . Output: The central DOAsθ k andφ k .
1: Construct the extended received signal X. 2: Calculate the covariance of the extended signal R X with (29). 3: Perform EVD on R X to get the eigenvalue matrix S 1 and the eigenvector of signal subspace E S 1 according to (30) . (52) and (53), respectively.
Additionally, to match the estimated central DOAsθ andφ, the pair-matching permutation matrix is defined as with the size of K × K which belongs to following domain
whereθ andφ have the same order, the i,j denotes the i-th row and the j-th column entry of . To find out the above permutation matrix , two subarrays associated only with θ and ϕ, respectively, need to be chosen. The selection matrices J 5 and J 6 with the same size of Q × MN (Q = min{M , N }) can be given as
in which the J 5 (i, j) and J 6 (i, j) denote the i-th row and the j-th column entry of J 5 and J 6 , respectively. Then, from (12) and (13), the received signals of the above subarrays x 1 (θ ) and x 2 (ϕ) can be expressed as
the x and the n are defined in (1), the b 0k , b θk and b ϕk can be found in (16) . According to the assumptions (7), (8) and (9), the covariance matrix of x 1 (θ ) and the covariance matrix between x 2 (φ) and x 1 (θ ) are derived as
H θ } and R x denotes the covariance of received signal x. Based on the definition of , the relationship between the steering matrices of subarrays and their estimated values can be expressed as
in whichB x (θ ) andB y (φ) are the estimated values of B x (θ ) and B y (φ), respectively. Due to the angular spread σ 2 θ is small, the item B x (θ )R b θ B H x (θ ) in (65) can be ignored. Then, the R b 0 can be estimated aŝ
Substitute (67), (68) and (69) into (66), the formula (66) is converted into
According to
T , the estimated valuesR 21 andR 11 can be calculated aŝ
whereR X denotes the sample covariance of extended signal which is defined in (29) . Hence, the permutation matrix can be estimated aŝ
Note that the above estimated matrixˆ may not belong to (54). To find out the suitableˆ , an optimization problem can be established as
Admittedly, the above minimizing problem can be easily solved by exhausted searching method, because there is a finite number of elements in the domain ξ . Therefore, the pair matching Algorithm can be concluded in Algorithm 2.
Algorithm 2 The 2-D Central DOA Pair Matching Method
Input: The sample covariance of the extended signalR X , the estimated central DOAsθ andφ. Output: The permutation matrix .
1: Calculate the selection matrices J 5 and J 6 with (55) and (56). Furthermore, similar to [22] , an angular spreads estimation method can be derived. From (28) and (30) , the covariance of S 1 is expressed as
where (Ã) + and (Ã H ) + are the pseudo-inverse ofÃ andÃ H , respectively. Moreover, theÃ can be calculated by the above VOLUME 7, 2019 estimate valuesθ andφ. Then the angular spreads σ θ k and σ ϕ k are calculated aŝ
whereR S 1 denotes the estimated value of R S 1 , h = 2k−K 1 −1 and k = 1, 2, · · · , K .
IV. PERFORMANCE ANALYSIS OF PROPOSED ALGORITHM A. THE CRAMER-RAO BOUND (CRB) ANALYSIS
From (2), the p-th element of received array manifold can be represented as
where p = (n − 1)M + m, m and n respectively denote the number of row and column. Utilizing the Taylor series, the above [a(θ k,l (t), ϕ k,l (t))] p can be approximated as
whereθ k,l andφ k,l have the same definition in (5) and (6). Similar to [22] and [25] , the extended covariance matrix of ID mixed sources R X can be expressed as
where R 1 and R 2 denote the conjugated covariance and ellipse covariance, respectively. Based on (7)- (10), the R 1 and R 2 can be derived as [30] 
where σ 2 Sk = E{s k (t)s * k (t)} is the signal power, γ k denotes noncircular phase,
Note that the Fisher information matrix (FIM) is used to calculate the CRB. To compute FIM, the vectors of parameters are defined as
where 
According to [31] and [32] , the (i, i ) th entry of the F can be calculated by
where T denotes the snapshots, i = 1, 2, · · · , (5K + K 1 + 1) and i = 1, 2, · · · , (5K + K 1 + 1). In addition, the concrete representations of the entries in the Fisher matrix are shown in Appendix. Following the method of block matrix inversion, the CRB of ξ and ν can be calculated as
Remark that the above derivations are under the assumption of Gaussian distributed spread angular. The (83) and (84) need to be recalculated when the spread angular obeys other distributions. 
B. COMPUTATIONAL COMPLEXITY
In this section, the computational complexities of the proposed algorithm and some existing algorithms are analyzed. The computational complexity of proposed algorithm is mainly concentrated in the eigenvalue decomposition operation and inversion operation. The computational cost of performing the EVD on R X , calculating the invariance matrices and , and the eigenvalue decomposition of and in the proposed algorithm is O (8M 3 N 3 ) , O(36MNK 2 + 12MNK ), and O(54K 3 ), respectively. Furthermore, the computational complexities and running time of the proposed algorithm are compared with the ESPRIT-based algorithm for 2-D ID sources [22] and the 2-D ESPRIT-like method for mixed signals [28] in Table 1 .
Note that the computational complexity of the proposed algorithm is slightly increased compared with [22] and [28] , but the additional cost is still within a reasonable range.
V. SIMULATION RESULTS
In this section, some simulations are presented to verify the effectiveness of the proposed estimator. The ESPRIT-based algorithm for 2-D ID sources [22] , the 2-D ESPRIT-like method for mixed signals [28] and the above derived CRB are used to compare with the proposed algorithm. In the simulations below, the received array is a URA with M = 15 rows and N = 15 columns, the distance between adjacent elements d x and d y are all equal to half wavelength. The mixed circular and noncircular signals have the same power. Additionally, the SNR is defined as
where σ 2 s and σ 2 n are the power of signals and the variance of the additive white noise, respectively. The following RMSE are used for performance measure Fig.3 .
From Fig. 3 , we can find that the estimation performance of the proposed algorithm improves with the increasing noncircular numbers. Since the total number of sources has not changed, the CRB will not be greatly affected.
In Figure 5 illustrate that the proposed algorithm and the method in [22] are not fit for the low SNR scenarios, due to part of the extended signal subspace eigenvalues is confused by the noise eigenvalues. However, the proposed algorithm has better central DOA estimation performance than other algorithms in high SNR. Furthermore, we can also see that the proposed algorithm can estimate the angular spread well in this scenario.
In the fourth simulation, the effect of snapshots on the performance of different algorithms are compared. In each case, 1,000 Monte-Carlo are carried out. The SNR is set as 20 dB. Other conditions are same as the third simulation. The RMSEs of the central DOAs versus snapshots and the RMSEs of the angular spreads versus snapshots are shown in Fig. 6 .
From the Fig. 6 , we can know that the performances of all these algorithms are improved by increasing the snapshots. Furthermore, the proposed algorithm can provide a more accuracy parameter estimation than other algorithms in any snapshots.
In the fifth simulation, we analyze the influence of multi-paths numbers. The SNR is set as 15 dB, the number of snapshots is chosen as 100, the number of Monte-Carlo is 500. The scattering multi-path number varies from 50 to 500. Other simulation parameters are set according to the third simulation. Then the effect of angular spread numbers is shown in Fig. 7 .
The above simulation shows that the performances of DOA estimators are less related with the number of multi-path. Thus, if the number of multi-path is larger than one, the effect on different algorithms will be the same.
In the sixth simulation, we illustrate the effect of angular spreads. The scattering multi-path number is 50. The rest of parameters are same as the fifth simulation. Figure 8 demonstrate that the estimation performances of these algorithms decrease with the increasing angular spread. However, the proposed algorithm can also maintain a higher accuracy than the 2-D ESPRIT-ID and 2-D C-NC-ESPRIT. It is also proved that the superiority of proposed algorithm in the situation of large angular spread.
In the last simulation, we analyze the influence of antenna numbers. The SNR is set as 20dB, the snapshot is chosen as 100, the number of multi-path is 50, the number of Monte-Carlo is 500. The antenna number varies from 49 to 289. Other parameters are set according to the third simulation.
From Fig. 9 , we can find that the accuracy of the proposed algorithm is enhanced by the increasing of antennas number. Moreover, the proposed algorithm have a better performance than other algorithms in high number of antennas. Therefore, the proposed algorithm is more suitable for Massive MIMO system.
VI. CONCLUSION
In this paper, a modified 2-D CGLS-ESPRIT estimation algorithm is presented for ID sources considering mixed noncircular and circular signals in Massive MIMO systems. The proposed algorithm can estimate the ID noncircular sources and ID circular sources at the same time. Moreover, this algorithm is more fit for large angular spread situation than other algorithms. Furthermore, this algorithm avoid a heavy spectral searching, which is more suitable for Massive MIMO systems. The specific algorithm steps and the Cramer-Rao bound (CRB) of the proposed algorithm are given to analysis and comparison. Finally, simulation results prove the superiority of proposed algorithm in the ID noncircular sources and ID circular sources coexistence scenarios.
APPENDIX
The equation (89) can be used to calculated the entry of Fisher matrix. According to (80), the item
of (89) can be further expressed as
where the [ζ ] i is the i-th entry of ζ . From (81) and (82), the R * 1 and R * 2 can be derived as
where the definitions of F k , P k andP k can be found in the Section IV-A. Then the partial derivatives of R 1 can be given as ∂R 1
∂θ ni = σ 
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Moreover, the partial derivatives of R 2 can be given as 
However, because the calculation of variance R 2 does not include the circular signal part. Hence, these partial derivatives are expressed as
Additionally, according to (96) and (97), the partial derivatives of R * 1 and R * 2 can be similarly derived by replacing the F i with F * i . Furthermore, substitute above
into equation (89), the Fisher matrix can be easily obtained.
